We present a framework for the development of elasticity and photoelasticity relationships for polyethylene terephthalate fiber networks, incorporating aspects of the primary molecular structure. Semicrystalline polymeric fiber networks are modeled as sequentially arranged crystalline and amorphous regions. Rotational isomeric states-Monte Carlo simulations of amorphous chains of up to 360 bonds ͑degree of polymerization, DP= 60͒, confined between and bridging infinite impenetrable crystalline walls, have been characterized by ⍀, the probability density of the intercrystal separation h, and ⌬␤, the polarizability anisotropy. ln ⍀ and ⌬␤ have been modeled as functions of h, yielding the chain deformation relationships. The development has been extended to the fiber network to yield the photoelasticity relationships. We execute our framework by fitting to experimental stress-elongation data and employing the single fitted parameter to directly predict the birefringence-elongation behavior, without any further fitting. Incorporating the effect of strain-induced crystallization into the framework makes it physically more meaningful and yields accurate predictions of the birefringence-elongation behavior.
I. INTRODUCTION
The prediction of bulk mechanical and optical properties of polymeric materials, taking into account their chemical structure and morphology, is an ongoing challenge for polymer scientists. The stress-optical properties of polymers in fiber form strongly depend on the fiber morphology and on the molecular orientation caused by the application of uniaxial stress. The very special arrangement of molecules in the fiber structure imparts to them high tensile strength, leading to their wide application. Fibers are semicrystalline in nature and can be modeled as periodically arranged, crystalline and amorphous regions ͑Fig. 1͒. [1] [2] [3] Various chains and chain fragments are present in the amorphous domain. These include loops, which begin and terminate on the same surface, anchor chains or cilia, which originate from one surface, but are unable to anchor at the facing crystalline wall, floating chains, which have both ends unanchored and bridges or tie chains, which are part of the polymer molecule, lying in the amorphous region, connecting consecutive crystalline domains.
Our investigation focuses on these bridge chains, which determine fiber deformation and load transfer along the fiber length. The configuration and orientation of intercrystalline chains depend on the conformational states of the rotatable backbone bonds, i.e., the "atomistic" features of the molecules, which significantly influence the stress-elongation and birefringence-elongation behaviors of the fiber. Therefore, it is crucial to examine the fiber's molecular structure.
In this work, we investigate the optomechanical properties of the fibers from the knowledge of molecular structure and fiber morphology.
II. BACKGROUND

A. Polymer chain models
The earliest models developed to describe polymer chain deformation have employed statistical thermodynamic analyses of chains of freely orienting segments of constant length, which have been further simplified by the Gaussian approximation. [4] [5] [6] These models have been subsequently extended to describe the photoelasticity behavior of chemically cross-linked rubbery networks of Gaussian chains, by considering the deformation to be affine and incompressible. The next level of complexity has considered the chains to be of finite length, resulting in infinite polynomial non-Gaussian formulations 4, 6, 7 for stress and birefringence, as functions of elongation. These formulations consider the chains to undergo entropic deformation by uncoiling from the undeformed coiled state.
Uncoiling of real chains occurs by rotations of rotatable single bonds in the chain backbone. These rotations need to overcome bond torsion energy barriers, which depend on the primary molecular structure of the polymer. The effect of these energy barriers can be accounted for by implementing Flory's 8, 9 rotational isomeric states ͑RIS͒ formulation. This RIS formulation has been incorporated into the chain description earlier, [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] via RIS-Monte Carlo ͑RIS-MC͒ approaches. In addition, Nanavati et al. 22, 23 have developed chain descriptions via exhaustive RIS simulations of statistical segments of network chains. Chain polarizability anisotropies have been obtained by tensor addition of the a͒ Present address: Department of Chemical Engineering, IIT-Bombay, Mumbai 400 076, India. available bond polarizability tensors. 24 These chain descriptions have then been extended to yield the elasticity and photoelasticity relationships for chemically cross-linked rubbery networks.
B. Polymer network models
Early models for the deformation of semicrystalline materials have implemented the rubber deformation framework and have employed the Gaussian chain approximation. 15 , 25 Stepto and co-workers [15] [16] [17] 20, 21 have proposed a derivativemodified Gaussian molecular elasticity model to analyze the stress-optical behavior of a network of RIS-MC chains under deformation. Ward et al. 16 recommended such a RIS-MC approach because of the inadequacies of the random-flight chain approaches in describing the deformation behavior of polyethylene terephthalate ͑PET͒ fibers and films. However, the network model itself does not include features specific to fiber or film geometry. The orientational behavior of the chains has also been investigated by calculating the orientation function ͗P 2 ͑͒͘ as a function of end-to-end chain extension ratio. 18, 19 
C. Fiber morphology effects
The fiber morphology has been incorporated in the network model as a one-dimensional structure, with alternating amorphous and crystalline domains. In this case, the crystalline domains form the cross-link junctions of the network of entropically deforming amorphous bridging or tie chains. These considerations have led to statistical thermodynamics analyses of the deformation of the intercrystalline regions, [1] [2] [3] 26 to yield the thermodynamic equilibrium properties of semicrystalline materials via energy minimization techniques. In addition, Gaylord and Lohse 27, 28 have implemented a reflection method for random walk polymer chains between infinite impenetrable barriers for all types of amorphous chains, i.e., bridging chains, floating chains, loops, and anchor chains. Erman and Monnerie 29 have investigated confined polyethylene chains by determining the forceelongation relationship of single chains constrained between parallel walls, with the distribution function of the end-toend vector simulated via a simple RIS formulation, and modeled as a second-order tensorial Chebychev polynomial. Rutledge and co-workers have carried out molecular simulations of polyethylenelike chains in the intercrystalline region, employing free rotations and united atom potentials, to determine distributions of the amorphous chains. [30] [31] [32] [33] [34] They have also examined the conformational populations of the loops, bridges, and tails present in semicrystalline materials. 31 Additionally, Almonacil et al. 35 have formulated a coarse grained model to examine the effect of the solid state polymerization reaction on the topological distribution of the chains present in the intercrystalline region. The free energies of the various topologies have been obtained via RIS-MC chain generation, where the chains whose paths penetrate the crystal domains have been rejected. Zhou et al. 36 have performed amorphous cell molecular dynamics simulations on uniaxially deformed 25 Å cubic cells of oriented material and have achieved superior agreement with experimental data, as compared to energy minimization methods.
D. Strain-induced crystallization
Deformation orients the chain segments, thus reducing ⌬S c , the entropy of the crystallization process. This reduction in ⌬S c increases T c = ⌬H c / ⌬S c , which causes the deformed amorphous chains to begin crystallizing during the deformation. A formal thermodynamic theory for strain-induced crystallization of elastomeric networks has been first developed by Flory, 37 which assumes that the crystallites form parallel to the stretch direction. Flory has calculated the configurational entropy for chains involved in crystallization and has argued that equilibrium crystallization decreases the stressstrain isotherm during stretching, since the fully stretched crystallized segments increase the degree of coil in the amor- 
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Nayak, Das, and Nanavati J. Chem. Phys. 128, 014902 ͑2008͒ phous region. This has been refined to account for constraints 38 and entanglements, 39 to examine the dependence of tensile modulus and strength for self-reinforced polymers. Yamamoto and White 40 have determined the forcedeformation relationship for a partially crystalline polymer by evaluating the partition function, which accounts for the crystals present in the matrix. Smith 41, 42 has also determined the force-deformation relationship due to strain-induced crystallization using Flory's theory. Toki et al. have experimentally examined the process of strain-induced crystallization and have determined its correlation with theory. 43, 44 Interestingly, Bhatt and Bell 45 have observed strain-induced crystallization and have considered its effect on the birefringence of PET filaments. Their model does not explicitly consider the effect of crystallization on the stress-elongation relationship, which has been modeled based on Treloar's inverse Langevin formulation. 7 We present a framework to describe molecularly the elastic and photoelastic behaviors of PET fiber networks. This molecular modeling framework also incorporates the effects of strain-induced crystallization on the photoelasticity relationships for fiber networks. We employ the RIS-MC approach 8, 9 to simulate an ensemble of realistic chains and their distribution functions. From the probability density of intercrystal separation and polarizability anisotropy distribution obtained from the simulation, we develop the elasticity and photoelasticity models for PET fiber network. We have incorporated the effect of strain-induced crystallization by recognizing that the consumption of bonds to form crystals reduces the number of amorphous bonds, although the fully extended crystallized segments reduce the uncoil of the remaining deformed amorphous chain.
III. COMPUTATIONAL METHODOLOGY
Since the fiber morphology comprises alternating amorphous and crystalline domains ͑Fig. 1͒, the configuration and orientation of the intercrystalline chain molecules significantly influence the fiber properties. As illustrated in the figure, amorphous bridging chains connect the impenetrable crystalline domains, and thus bear and transmit the load along the fiber length. These chains are confined between two infinite impenetrable parallel walls and bridge the walls, which act as physical cross-links in the fiber network. Prior to deformation, we assume the existence of walls of negligible thickness ͑due to negligible crystallinity͒. Between these walls, the bridging chains are highly coiled. On application of stress, the bridging chains deform by uncoiling along the fiber direction, and the thicknesses of the crystalline walls simultaneously increase due to strain-induced crystallization ͑Fig. 2͒.
The first part of the framework consists of RIS-MC simulations of amorphous PET chains of up to 360 backbone bonds ͑up to degree of polymerization, DP= 60͒ at 80°C ͑so as to compare with literature stress-elongation experimental data 16 ͒, constrained to lie between the infinite impenetrable crystalline walls, with the two ends anchored at the opposite walls. The developed C program generates a large number of bridge chains ͑ϳ10 9 ͒, one bond at a time, beginning at one crystalline wall and anchoring at the facing crystalline wall.
The computational scheme developed yields the interwall separation of the chain, based on the skeletal bond lengths of linear moieties such as C-C, C-Ph-C, O-C, etc., which are listed in Table I . We also compute the chain polarizability anisotropy employing the bond polarizability tensors, also listed in Table I .
The RIS-MC polymer chain simulation method neglects long range and intermolecular interactions. The method 8, 9 requires probabilities of all the conformational states, so as to build chains one bond at a time, with the conformation selected according to the conditional probability q ,i , the probability of bond i being in state , given that bond ͑i −1͒ is in state . These conditional probabilities have been calculated using statistical weight matrices for the six skeletal bonds of the PET repeat unit ͑Fig. 3͒, 8, 9 t ͓180͔ 
The statistical weights, 1 , 2 , and , are given by 1 = exp͑0.4 kCal/ mol/ RT͒, 2 = exp͑0.8 kCal/ mol/ RT͒, and = exp͑−1.8 kCal/ mol/ RT͒, and their values at 80°C are 0.5452, 1.766, and 0.134, respectively.
The simulated chains begin at the origin corresponding to the left hand side wall are directed along the x axis of the Cartesian coordinate system, one bond at a time. The end-toend vector has been calculated as r = ā 1 
Here, T ញ i are the transformation matrices, which convert the coordinates from local Cartesian coordinate system of the ith bond vector ͑ā i = Ͼ ͓a i 0 0͔, listed in Table I͒ to the frame of reference of the previous bond. 8, 9 These depend on the bond angles, bond angle ͑listed in Table I͒ , and the assigned torsion angle , as indicated in the U-matrices ͓Eqs. ͑1͒-͑6͔͒.
The chains are checked for penetration at the wall ͑the yz plane͒. If the chain penetrates the wall ͑i.e., for r, the x component Ͻ0͒, then it forms a loop, which needs to be rejected ͑Fig. 4͒. If it survives the penetration test ͑i.e., it does not penetrate the wall at the origin͒, a new wall is created parallel to the yz plane at the chain end. A penetration test is also performed at this new wall ͑i.e., we determine for every atom whether its x coordinate Ͻx coordinate of the new wall͒. The wall-to-wall separations, h i.e., the x components of r for the chains surviving penetration tests at both walls, have been obtained for every DP=1,2, ... ,60, and the distributions have been stored into bins corresponding to 2 Å discretized length intervals. In this work, we only consider bridging chains which survive both penetration tests ͑except when we explicitly discuss isolated chains͒.
The chain polarizability tensor ␤ has been obtained such that the x direction of its frame of reference is the first bond, i.e., the x axis. ␤ is axially symmetric in this frame. Therefore, ␤ yy = ␤ zz . The chain polarizability anisotropy, ⌬␤ = ␤ xx − ␤ yy . ␤ is computed by tensor addition of polarizability tensors of the cyclically sequenced
The polarizability tensors of the various moieties, ␣ ញ i , are obtained by the tensor addition of the polarizability tensors of the constituent bonds ͓this calculation also requires bond angles between the main-chain bonds and pendant bonds, as listed in Table I . The corresponding rotational angles of the pendant C-H and C v O bonds are related to the assigned main-chain RIS-MC torsions. For C-H bonds, the rotational angles are i ± 120°͑on bonds 3 and 4͒. For the C v O bond, the rotational angles are i − 180°͑on bond 1͔͒ as reported by Denbigh. 24 This requires the polarizability tensor of the O-C bond, which has not been reported by Denbigh. C-O bond polarizabilities are available in literature. 46 However, these are along with other bond polarizabilities, which are quantitatively similar to those reported by Bunn and Daubeny. 47 Our computation preferentially employs bond polarizability values reported by Denbigh, in accordance with the justification provided by Volkenstein. 48 Therefore, we consider an independently determined C-O bond polarizability tensor, by employing the refractive index of PET ͑Ref. 49͒ and the polarizability anisotropy of the C-O bond. 50 Its computation is described in The simulation data obtained as described in this section are further analyzed to yield stress-elongation and birefringence-elongation relationships.
IV. ANALYSIS OF COMPUTATIONAL RESULTS
The results obtained from RIS-MC simulation at 80°C, for PET chains of up to DP= 60, have been tabulated in the form of a grid, at 2 Å length intervals. Each grid element contains its corresponding average interwall separation, the number of tie chains with interwall separation within the element interval, and the element's average chain polarizability anisotropy. The results for 10 9 simulations have been reported throughout. This large number reduces the noise ͑scatter͒ at the tails of the distributions. The acceptance ratio, i.e., the fraction of chains surviving the penetration tests ͑bridge chains͒ ranges from ϳ3% ͑for DP= 60͒ to ϳ20% ͑for DP= 5͒. The characteristic ratio equivalent for the bridging chains, calculated from the simulation, is 4.5 at 80°C. Our simulations for isolated chains at 80°C yield a characteristic ratio of 4.6 ͑graph not shown͒, i.e., ͗r 2 ͘ 0 = 202.8DP, which is comparable to the experimental characteristic ratio of 4.21 for isolated chains at 25°C.
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A. Wall-to-wall separation distributions Figure 5 describes the distribution of wall-to-wall distances, with 2 Å discretized length intervals. The graphs are bell shaped, whose distinct maxima denote the most probable wall-to-wall length h 0 . Our subsequent analysis considers that chains with wall separations greater than this equilibrium distance are in tension, and the properties have been predicted for this region only. We consider the most probable separation as the unperturbed separation, as opposed to the root-mean-squared ͑rms͒ separation, conventional for network analysis, because the most probable separation corresponds to a maximum in entropy, i.e., zero force on each chain. 29 In unconstrained geometries such as chemically cross-linked networks, zero force corresponds to zero end-toend length, which would result in an unrealistic, completely collapsed structure. In such geometries, it is appropriate to consider h 0 to be equal to the rms length of an isolated chain.
From the simulation of DPϾ 10, the most probable interwall separation is related to DP as h 0 2 = L 0 2 ϫ DP ͑L 0 2 = 139.2 Å 2 /monomer, i.e., L 0 = 11.8 Å͒. The obtained computation results yield the probability density functions ⍀͑h͒ for a given DP,
where h i is the average wall-to-wall separation in a given interval i, number͑h i ͒ is the corresponding number of chains in interval i, and number͑h 0 ͒ is the number of chains corresponding to the wall-to-wall distance interval containing h 0 , the most probable separation. As implemented previously 29 for the constrained system as in this work, the probability distribution function and probability density are functionally identical, i.e., p͑h͒ = ⍀͑h͒. This is because the bridge chains begin at the origin and are directed toward the positive x-axis direction ͑stress direction͒. The distribution function is of the projection of the end-to-end length on the x axis. Since the impenetrable walls are parallel to each other, the x axis is their normal, as has been illustrated in Fig. 1 . This is equivalent to the probability distribution component along x direction only and is independent of the y and z components.
In the case of entropic deformation ͑S = k ln͓⍀͑h͔͒ + const͒, the force required to stretch the bridge chain is
͑8͒
The work done w͑r͒ in extending the end-to-end length of an unconstrained freely jointed chain from r 0 , its unperturbed rms value, to r, is equal to the change in Helmholtz free energy ⌬A, 7, 22, 23 w͑r͒ kT
where L −1 is the inverse Langevin function, n is the number of segments in a chain, a is the segment length, k is the Boltzmann constant, and T is the absolute temperature.
In Eq. ͑9͒, the integral of the inverse Langevin function is an infinite even polynomial of the fractional extension, r / r max ͑r max = na͒, whose positive coefficients have been determined previously ͓Eq. ͑10͔͒, 
+¯. ͑10͒
The unperturbed free energy A 0 can be expressed in terms of probability density ⍀ 0 , A 0 / kT = const− ln ⍀ 0 . Based on Eq. ͑10͒ and other similar developments, 22, 23 −ln ⍀ for the confined PET chains of different DP can be expressed as an even polynomial of the fractional extension from the undeformed state, ͑h − h 0 ͒ / ͑h max − h 0 ͒, which is the analog of r / r max employed in case of free chains. h max is the interwall separation when the PET chain is fully stretched and is parallel to the x axis ͑h max = na for a freely jointed chain of n segments, each of length a͒,
͑11͒
Only one term of the infinite series has been considered, since higher order terms yield negative coefficients, which are not physically meaningful. n is the number of segments in a bridging chain. h max has been determined by computing the distance for a fully stretched monomer and assuming a linear relationship ͑h max = L m ϫ DP; L m = 11.28 Å/monomer͒. Since determining the Kuhn statistical segment length involves comparing the values of the maximum and meansquared unperturbed end-to-end separations of unconstrained, isolated chains, n can be obtained by using the computed values for h max and the mean-squared interwall separation ͗h 2 ͘ 0 ͑different from the square of most probable interwall separation h 0 2 ͒; since, as mentioned above,
This corresponds to a segment comprising ϳ1.6͑=1 / s͒ monomer units.
The fitted parameter C 1 in Eq. ͑11͒ has been determined by fitting simultaneously to the equation, all distributions obtained via simulation, for all DP; C 1 = 2.87. Figure 6 illustrates the fitting of −ln ⍀ with RIS-MC simulated data. This development has been extended to yield the fiber network stress-elongation relationship, as described in Sec. V.
B. Chain polarizability anisotropy distribution
The anisotropies of chain polarizability as functions of wall-to-wall length for different DP are plotted in Fig. 7 ͑the fitting of the simulation results is discussed later in this section͒. The polarizability anisotropy for a given wall-to-wall length is lower for the more coiled higher DP chains. This coiling makes uniform the contribution of the bond polarizabilities of a chain in different directions, thus lowering the anisotropy. At higher intercrystallite separations, the uncoiling of the chains and orientation in the stretch direction lead to an overall increase in the anisotropy. Interestingly, the simulation yields a uniform ⌬␤ = 3.869± 0.107 Å 3 ͑for bridging chains of all DP in the range of 6-60͒ in the undeformed state ͑h = h 0 ͒. This results in a small birefringence for the undeformed network. There is thus a slight inconsistency between the zero-force ͑maximum entropy, at h = h 0 ͒ and isotropy ͑zero chain birefringence, at h = h 0 ͒ requirements for an undeformed fiber network. Therefore, modeling ⌬␤ as an even polynomial of ͑h − h 0 ͒ / ͑h max − h 0 ͒, as executed for −ln ⍀, is not amenable to "global fitting" ͑simultaneously to all values of n b ͒. Therefore, we propose an expression for ⌬␤, based on the model developed by Treloar, 6, 7 for the freely jointed chain, i.e., an even polynomial of h / h max , with an additional constant,
͑13͒
This expression involves the average segment polarizability anisotropy ⌬␣. We determine ⌬␣ = 13.25 Å 3 , employing the Gaussian chain relationship for the average value of ⌬␤, obtained from the RIS-MC simulations of free chains of DPϾ 40. For a Gaussian chain, ⌬␤ = n⌬␣ ϫ ͑3 / 5͒ ϫ ͑r / r max ͒ 2 ; thus ͗⌬␤͘ = n⌬␣ ϫ ͑3 / 5͒ ϫ ͗r 2 ͘ / r max 2 = n⌬␣͑3 / 5͒na 2 / ͑na͒ 2 = ͑3 / 5͒⌬␣. 6, 7 Using this value for ⌬␣, the coefficients, M 0 , M 1 , and M 2 , have been determined ͑M 0 = −0.0001, M 1 = 0.31, M 2 = 0.74͒ by fitting to Eq. ͑13͒ the ⌬␤ simulation data for all the simulated values of DP. The constant term M 0 appears because at h = 0, the system is compressed, and ⌬␤ Ͻ 0 is expected. Figure 7 indicates that ⌬␤ simulation data possess small, negative intercepts on the h / h max axis, and that Eq. ͑13͒ provides a good fit to this ⌬␤ simulation data for all DP. Still, a superior and physically meaningful functional form for ⌬␤ would yield a more refined framework, to describe better the physical phenomena, as well as provide an accurate numerical prediction for any DP, for any value of h / h max . At this time, we consider Eq. ͑13͒ to be adequate for further modeling.
It is interesting to note that in Figs. 6 and 7 ͓Eqs. ͑11͒-͑13͔͒, dividing the ordinate by DP, would yield DPindependent universal curves for −ln ⍀ and ⌬␤, respectively ͑not shown͒. The analysis of chain properties has been extended to model the fiber network of these chains.
V. PET NETWORK MODELING
A. Stress-elongation modeling
The PET fiber network is assumed to be an alternating sequence of crystalline and amorphous phases. Prior to deformation, the size ͑thickness͒ of the crystalline wall is zero. When the bulk is subject to uniaxial stress , PET chains in the network uncoil and orient, resulting in a change in intercrystalline separation, from the undeformed value h 0 to a deformed separation, h; h = h 0 . Under the applied stress, the bulk elongation ratio is measured along the x direction. We develop now a mathematical framework to describe these phenomena, assuming affine and incompressible deformation.
The work of deformation per unit volume ͑strain energy density͒ of a PET fiber network for a reversible process is given by
where N is the number of tie chains per unit volume. Based on the report by Almonacil et al., 35 the fraction of tie chains has been considered to be 22%. Therefore, N͑chains/ cc͒ = 0.22 a N A / ͑MW m ϫ DP͒, where the amorphous density of PET is a = 1.336 g / cm 3 , 52 and the molecular weight of the monomer, MW m = 192 g / mol, and N A is the Avogadro number.
Thus, the engineering stress in megapascals ͑MPa͒ engg has been obtained as
R is the gas constant, R = kN A . We recognize that max 
͑16͒
At this time, it should be noted that the stress-elongation relation obtained ͓Eq. ͑16͔͒ does not account for the effect of strain-induced crystallization. This aspect will be addressed in Sec. VI.
B. Modeling of birefringence-elongation relationship for the PET network
The birefringence of an elastomeric material can be obtained from the chain polarizability anisotropy ⌬␤. In Sec. VIB, ⌬␤ has been described as an even polynomial of h / h max . For a chemically cross-linked network, 6,7,23 the deformation-dependent network polarizability anisotropy ⌬⌫ is obtained by adding the contributions of the network chains, by integrating over all orientations. In the present case, ⌬␤ values have already been determined in the frame of reference of the stretch direction. The effect of the orientation distribution of the end-to-end tie chain vectors, with respect to the stretch direction, is implicit in the determination of ⌬␤, which is computed in the direction of the first bond, i.e., the fiber direction. Therefore, for our fiber geometry, ⌬⌫͑͒ is obtained by a simple arithmetic addition of the corresponding ⌬␤ values ͓Eq. ͑13͔͒ for all the N tie chains per unit volume of the network, ⌬⌫ = N⌬␤.
The birefringence ⌬ has been obtained from ⌬⌫, via the Lorentz-Lorenz relationship as follows: 
ͪ, ͑17͒
iso ͓=1.575 for PET ͑Ref. 49͔͒ is the isotropic refractive index.
As with the stress-elongation relationship ͓Eq. ͑16͔͒, the birefringence-elongation relationship ͓Eq. ͑17͔͒ does not consider strain-induced crystallization effects. This aspect has been discussed in the following section.
VI. INCORPORATION OF STRAIN-INDUCED CRYSTALLIZATION EFFECT
Ajji and co-workers [53] [54] [55] [56] [57] [58] [59] have observed strain-induced crystallization in PET films drawn at different strain rates. This strain-induced crystallization is not significant up to draw ratio, ϳ 2.3. For Ͼ2.3, the effect is significant, and the birefringence increases correspondingly. These investigators have experimentally determined the degree of crystallinity by thermal analysis and the orientation of different phases by specular reflection Fourier transform infrared spectroscopy, with respect to the draw ratio. We consider data obtained 54 at the slowest strain rate of 0.007 s −1 , which approaches most closely the reversible deformation assumption, required for the statistical mechanical analyses in our framework.
Our model considers that in the undeformed state, the material contains no crystallinity ͑i.e., the thickness of the crystalline wall is zero͒. This assumption is valid for fibers spun at low speeds; we compare our models with experimental data on samples spun at 460 m / min. 60, 61 Therefore, the contribution to the positive birefringence due to the crystal is initially zero. Deformation induces crystallization, and we now incorporate this effect of strain-induced crystallization into our framework. In this work, our objective is to incorporate the effect of crystallization into the photoelasticity relationships; we do not attempt to predict stress-induced crystallinity. Figure 8 is a schematic illustrating ͑i͒ our model assumptions of sequentially alternating crystallineamorphous morphology, ͑ii͒ the formulation, where a part of a fully amorphous chain crystallizes on deformation, and ͑iii͒ that the crystallites formed are all oriented along the stretch direction.
First, the experimental data 54 for X c ͑discussion in Sec. VII A͒ are fitted to a polynomial function of elongation ͑Fig. 9͒,
The number of monomers remaining in the amorphous state, DP, decreases from an initial value of DP 0 ͑DP 0 =6-60 monomer units in a tie chain 62 ͒, as part of the chain crystallizes with elongation. The number of monomers consumed by the crystalline phase is DP cryst =DP 0 X m ͑X m is the mass fraction of crystallites͒. X m = c X c / , where the bulk density, = c X c + a ͑1−X c ͒ and c = 1.457 kg/ m 3 , is the density for the crystalline phase. 63 Thus, in the absence of any crystallization, the length of the amorphous region between walls of negligible thickness is h = h 0 = ͉h 0 ͉ ͑DP=DP 0 ͒ , where ͉h 0 ͉ ͑DP=DP 0 ͒ is the unperturbed amorphous intercrystal separation, with polymer chains consisting of the initial number of monomers, DP 0 . When =1, h = h 0 = ͉h 0 ͉ ͑DP=DP 0 ͒ . With deformation, the number of monomers remaining in the amorphous phase is DP= DP 0 −DP cryst =DP 0 ͑1−X m ͒ =DP 0 a ͑1−X c ͒ / . Accounting for crystallization, the combined length L of an amorphous and a crystalline region ͑i.e., the long period͒ after deformation is L = ͉h 0 ͉ ͑DP=DP 0 ͒ . After elongation, the interwall separation of the amorphous region is ͑assuming equal cross-section area for amorphous and crystalline domains͒ h = ͑1−X c ͒L = ͑1−X c ͉͒h 0 ͉ ͑DP=DP 0 ͒ .
The bulk elongation ratio needs to be decomposed into the elongation ratio of the amorphous region, a , and the crystalline elongation ͑=1͒, to determine the stresselongation and birefringence-elongation relationships of the material. a is the ratio of h, the intercrystal separation after deformation, to ͉h 0 ͉ DP , the unperturbed interwall separation corresponding to DP, the number of monomers remaining in the amorphous state.
As described below for 15, max,a
, where the subscript "max, a" is exactly analogous to "max", and corresponds to the instantaneous value of DP.
Considering the amorphous deformation to be intrinsically incompressible ͑any change in bulk volume is only because of conversion of the amorphous portion to the more dense crystalline form͒, the instantaneous cross-sectional area A can be obtained from
Therefore, true stress is expressed as
The modified stress-elongation relationship can be written as ͑stress in megapascals͒
.
͑23͒
Since and X c are functions of , true is a function only of , with DP 0 as the fitted parameter. Crystallization significantly affects the birefringence of the material. The part of the polymer chain present in crystalline state is highly ordered, and all the bonds are assumed to be in the extended, trans state. The resultant expression for the overall birefringence is
͑24͒
We now discuss the various contributions to ⌬, the overall birefringence of the material. f a ͑͒ and f c ͑͒ are the amorphous and crystalline orientation distribution functions, respectively. Since we assume that all the crystallites are oriented along the stretch direction, f c ͑͒ = 1. As mentioned in Sec. V B, since ⌬␤ is computed in the frame of reference of the stretch direction, f a ͑͒ is implicitly considered in the computation of ⌬ amor = ⌬ amor max f a ͑͒,
⌬ form is the form birefringence of the material, caused by the presence of crystallites, whose refractive index is different from that of the amorphous phase. Its computation depends on the amorphous and crystalline refractive indices, 64, 65 and is described in Appendix B. We find that ⌬ form makes a negligible contribution to the overall birefringence in our system.
The isotropic refractive index value of 1.635 for the crystalline phase 63 and the bond polarizabilities summation for the fully stretched chain yield the crystalline birefringence value, ⌬ cryst max = 0.3215. Earlier works, e.g., Ref. 46 , report ⌬ cryst max ϳ 0.24, obtained by extrapolating experimental data. The two values can be considered to be comparable because the limiting value of X c ϳ 0.30 will result in a variation of only ϳ0.02 ͑ϳ12% ͒ in the birefringence prediction at the highest elongations. Considering a / max,a = ͑L 0 / L m ͒ ϫ͑ / ͱ DP 0 ͒͑ / a ͒ and iso = 1.575, and incorporating the numerical values the birefringence-elongation relationship with increasing strain-induced crystallization is
VII. RESULTS AND DISCUSSIONS
A. Photoelasticity considering strain-induced crystallization
Equations ͑15͒ and ͑17͒ are the fiber photoelasticity relationships without consideration of strain-induced crystallization, and Eqs. ͑23͒ and ͑26͒ are the relationships, which account for the effect of the deformation-induced crystallization. The stress-elongation models, Eqs. ͑5͒ and ͑23͒, are fitted with experimental data. 16 Subsequently, as described below, the fitted parameters are employed directly to predict the birefringence as function of deformation.
Ward et al. 16 argued that crystallization occurs only after complete orientation because they have not observed discontinuity in the increase of trans conformers during deformation. Matthews et al. 54 reported a continuously increasing crystallization for films, which increases slowly at low , and more rapidly for Ͼ2.5. This accords with the straininduced crystallization observed by Bhatt and Bell, 45 and partially accords with the work of Middleton et al., 66 who observed a crystalline peak only at a draw ratio of 2.5. However, the photoelasticity data 16 employed in this work for model fitting and comparison are of experiments carried out by Long and Ward, 60, 61 who indicated that the cross-link required for network elasticity behavior needs to be crystallites, even for Ͻ2.5. This necessitates nonzero crystallinity even at low and is the basis of our employing Eq. ͑18͒ for X c as a function of from earlier work, 54 which also indicates low X c at low . Figure 10 shows the comparison of stress-elongation models with experimental data, with and without incorporation of the strain-induced crystallization effect. The fitted parameters, DP and DP 0 , represent the number of monomers present in a bridge chain, which anchors at the two facing crystalline walls. The simulation-based theoretical predictions for a chain of DP or DP 0 = 17.5 monomers correspond well with experimental values at 80°C for both the models. The effect of strain-induced crystallization is not significant because the data are over the small experimental elongation range, in which the extent of crystallization is very small. ͑The effect becomes discernible at higher , and is discussed in Sec. VII B͒. The fitted parameter obtained from the stresselongation relationship has been utilized directly to predict the birefringence-elongation relationships corresponding to Eqs. ͑17͒ and ͑26͒, respectively. No additional parameter fitting is performed.
The plot of predicted birefringence as a function of elongation compared with experimental data 16 ͑Fig. 11͒ indicates that birefringence increases with elongation due to chain uncoiling and orientation. The birefringence predictions of both models are in good agreement with experimental data up to = 2.0. Due to the functional form of ⌬␤, a small birefringence, ϳ0.0015, is predicted at =1. At = 2, the predicted and experimental birefringences are ϳ0.009. Thus the error due to the model artifact at = 1 can be neglected. At higher elongation ͑Ͼ2.0͒, there is a sharp rise in crystallinity from 5% to 30%, 54 and there is a substantial increase in the birefringence. Only the model which considers strain-induced crystallization predicts well the experimental data.
Comparing the effects of the chosen value of crystalline birefringence ͑0.32 or 0.24͒, we find that considering ⌬ cryst max = 0.24 results in predictions which correspond more accurately with experimental data. We direct attention to an earlier study, 67 which concluded that internal fields generated in a crystal ͑but absent in amorphous systems such as solutions͒ reduce the crystal birefringence. Although a quantititive analysis for this reduction is needed, we consider reduction only of the crystal birefringence to the experimental value.
Our comparison is with the experimental data up to = 3.889 ͑the limiting elongation for a bridging chain of 17.5 monomers͒. Considering consumption of some of these monomers during deformation to form crystals, this bulk elongation corresponds to maximum amorphous elongation, max,a = 3.26. At this elongation, the amorphous chains are fully stretched, and further elongation cannot be modeled by our current framework. Ward et al. 16 and Nobbs and Bower 68 suggested a pseudoaffine deformation framework to address the deformation corresponding to amorphous chains being stretched beyond h max . In such a framework, beyond max , the deformation is only due to orientation of the chains along the stretch direction. However, our framework cannot accommodate this type of deformation because it already considers the amorphous phase to be directed along the fiber direction.
If the crystals in the bulk are randomly oriented, then they will not contribute to the overall birefringence. Our model, which assumes alternating crystalline and amorphous phases, considers the crystals to align uniformly along the fiber direction, and hence, they contribute significantly to the birefringence; i.e., the instant crystals form, they align along the stress direction ͑x axis͒, which is parallel to the fiber direction. In reality, the crystals would initially be less oriented in the bulk and would align gradually along the fiber direction only at high . This phenomenon of orienting crystals needs to be considered in a more refined framework.
Our framework also considers strain-induced crystallinity to occur only at the locations of first nucleation; i.e., an initially noncrystalline bulk develops strain-induced crystalline nuclei instantly, at the beginning of deformation. No additional nuclei are formed during deformation. Any additional nuclei and subsequent crystallites would act as physical cross-links, which would significantly affect the entropy of the amorphous phase, making its modeling intractable. Also, we implicitly assume monodispersity of the contour lengths of tie chains.
B. Consequences in the crystalline phase
During deformation some bonds from a fully amorphous chain are converted to the crystalline phase. From a single tie chain of 105 bonds ͑17.5 monomers͒, 5 bonds crystallize at = 1.77, increasing to 28 bonds at = 3.5, as the crystalline fraction increases. The corresponding crystalline domain length at = 1.77 is 3 Å; the fully stretched length of five bonds is 9 Å, indicating that the crystalline domain size is realistic. At = 3.5, the crystalline domain length is 42 Å, which is consistent with the maximum possible length of 51 Å for a chain of 28 bonds. Crystalline domain size smaller than the maximum length indicates that there is a possibility of a folded chain structure from the initial tie chain. Crystal domain size greater than the corresponding maximum chain length would be unphysical. The length of the long period at = 3.5 is 172 Å, which is comparable with the literature data ͑170 Å͒ ͑Ref. 62͒ at maximum crystallinity of 66%.
Computation of true stresses with and without straininduced crystallization has been performed up to = 3.5. The hypothetical true stress with strain-induced crystallization is less than the true stress without this effect ͑high region of Fig. 10͒ . At low elongations, this effect is negligible. At higher deformation, decrease in the number of amorphous bonds would cause the tie chain to uncoil further, with a corresponding tendency to increase the amorphous phase elongation a . Against this is a tendency to decrease a because the fully stretched nature of the crystalline phase would reduce the elongation of the amorphous phase. Thus, although a increases with increase in , a Ͻ, for all in the range, 1 ϽϽ3.5. This lower value of a corresponds to higher entropy and a corresponding lower force on each amorphous chain. Since each amorphous chain is directed along the stretch direction, the reduced entropic force on each chain results in the true stress also being lower, if effects of strain-induced crystallization are incorporated. This behavior accords with behavior of Flory's strain-induced crystallization model, 37 as well as the sharp dips in stress for chemically cross-linked networks observed by Su and Mark 69, 70 and Klüppel 71 prior to the upturn caused by limiting extensibility of the amorphous chains.
VIII. SUMMARY AND CONCLUSIONS
In summary, the molecular structure and morphologydependent framework presented here is able to predict the photoelasticity properties of the PET fiber network. The elements of the framework are the following. ͑i͒ Development and implementation of RIS-MC of confined, bridging chains, to compute distributions ͑i.e., the probability density ⍀͒ of wall separation h and polarizability anisotropy ⌬␤. The large number, 10 9 , of chains simulated reduces the scatter at the tails of the distribution. ͑ii͒
The simulated distributions of h and ⌬␤ are fitted globally to determine −ln ⍀ and ⌬␤ as functions of both DP and h. ͑iii͒ The chain distribution expressions are extended to develop fiber network relationships, by summing over all chains in the amorphous domain. ͑iv͒ We have then incorporated the effects of straininduced crystallization into the fiber network relationships by recognizing that the amorphous region is modified when some bonds of the initially amorphous chain are consumed into the crystal domains. Thus the bulk is considered to consist of the modified amorphous domain and the oriented crystalline domain, the latter growing with deformation. The modification consists of ͑a͒ consumption of amorphous bonds into crystalline domains, which tends to uncoil the bonds remaining in the amorphous region; ͑b͒ reduction in elongation of the amorphous domain to accommodate the crystalline region, which consists of fully stretched segments. The result is a net reduction in stress ͑Fig. 11͒. ͑v͒
The stress and birefringence have been obtained as a function of draw ratio. First, the stress-elongation data are fitted to our models, and the fitted parameter ͑DP or DP 0 ͒ has been employed directly to predict the birefringence, as function of deformation. The predicted results obtained are in good agreement with the experimental results available in literature. The choice of the value of crystalline birefringence affects slightly the accuracy of the predictions. ͑vi͒ The framework is limited to the draw ratio corresponding to bridging chains of DP 0 monomers being fully stretched. In order to predict birefringence at higher draw ratios, modifications to account for pseudoaffine deformation 16, 68 are required. Care must be exercised here because our framework already considers the chains to be aligned along the stretch direction ͑i.e., they are not randomly oriented as in threedimensional networks͒.
The results presented in this paper suggest that the molecular orientation and photoelasticity properties of oriented amorphous PET can be simulated to a reasonable degree of accuracy by incorporating relevant aspects of the morphology and the primary molecular structure. In addition, with the incorporation of the information of strain-induced crystallization, the photoelasticity relationship of the entire fiber can be accurately obtained. Further refinement of the framework can be achieved by also incorporating deformationinduced crystal orientation, an objectively obtained accurate value of crystalline birefringence, and a more objective functional form for ⌬␤, the polarizability anisotropy of the amorphous bridging chains ͓Eq. ͑13͔͒.
